
JOP- Vol. 7, n. 4, 1990

The first eigenvalueof the Dirac operator
on Kähler manifolds

K.D. KIRCHBERG

Seklion Mathematik

l-lumboldt-Universität Cu Berlin

Postfach1297, 1056Berlin

Abstract.If M
2”~is a closedKfihlcr spin manifoldofpositivescalarcurvature R,

then eacheigenvaluc~, oft)pc r (r E { [(m + 1) /2] } ) of the Dirac oper-
ator D satisfiestheinequality )¼2� rRo/4 r — 2 , where R’j is theminimumof
R on M2~. Hence,lithe complexdimensionm is odd(even)wehavetheesti-
mation )~> + 1) I?o/4 m(~ � .~/mRo/4( m 1)) for the first eigenvalue
of D . In thepaperis also consideredthelimiting caseof thegiveninequalities. In
thelimiting casewith m = 2 r — I themanifold M2~mustbeEinstein. Theman-
ifoldsS2,S2xS2,S2xT2,P3(~),F((]3),P3((I~)xT2andF((13)xT2,
where F( (F 3) denotestheflag manifoldandT2 the 2-dimensionalflat torus, are
examplesfor whichthefirst eigcnvalueoftheDiracoperatorrealizesthelimiting case
of the correspondinginequality In general,if M2”~ is an exampleof oddcomplex
dimensionm, then M~”x T2 is an exampleofevencomplexdimensionm + 1
Thelimiting caseis characterizedby thefact that herc appeareigenspinorsof D2
whichareKfihlerian twistor-spinors.

INTRODUCTION

From [6] it is known that any cigenvalue)~of theDirac operator D on a closed

Kählcr spin manifold M’~with positivescalarcurvatureR satisfiesthe inequality

(*) ~2>lm+lR

m

where m = n/2 is the complexdimensionand R
0 the minimum of R on M’~

Moreover,if \/~~ 1)R0 /4 m itselfis aneigenvalueof D , then ~ is an Einstein~
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spaceof odd complex dimension rn Estimation(* ) is sharpin tile sensethat Illere arc

Kaliler manifolds wilh this property. For thecomplexdimensions in = I and in = 3

we have a coinplcic list of suchspaces,namelyfor m = I the sphere s
2 = J31 ( ~‘

and for in = 3 the complexprojcctivespaceP3( ~) and the flag manifold Ft ~

with respect10 theirnaturalK~ihIerstructures(cf. [4], 18]). Accordingto this, for even

complexdimensionthe inequality(*) can neverbe an equalityfor the first cigenvaluc.

It is a conjecturethat in this caseit may be possibleto obtain a bettereslimalionthan

(*). In fact, herewe prove that for evencomplexdimension rn eacheigenvalue~\ of

theDiracoperatorD satisfiesthe inequality

I in
(2*) ~~�— R

0.
4 rn—I

This esliniation is sharp,too. For example,in dimensionn = 4 for the Grassmannian

manifold C24 = ~ we haveR = 8 andthe first cigenvalucof D
2 is equalto 4

(cf. [II]). Anoihierexampleis S2 x T2 , wherehereandin the following T2 denotes

the flat torus. Further,in dimensionn = 8 we havetheexamplesP3(~F)x T and

F( ~ ~)x T~. We provein generalthat if M~is anexampleofoddcomplexdimension

iii = n/2 , then M’~x T2 is an exampleof evencomplex dimension rn + I . The

inequalities(*), (2*) arecorollariesof amoregeneralresultsayingthai eacheigenvalue

~ of type r ( r E { I , . . . I (m + 1) /21 } ) of the Dirac operatorsatisfiesthe incqualilv

(3*) ~2 ~
4

7
2R0

This canbe interpretedas follows: let S bethe spinorbundleand L a holomorhicline

bundlecorrespondingto thegivenspinstructureon M’~. From [51it is knownthatthere

is a naturalisomorphism S= ~i0A
0r ® L andthatvia this isomorphism D2 canbe

identified with the restriction AL°’ = ~ of the Laplaeian ~L of the Dolbeault

complesof L . Then eachcigenvaluc~ of theLaplacian Af’~ : F(AOr ® L)

F (A°,r ®L) with r E { 1, . -. , [(m + 1)/2] } satisfiestheinequality ~ � rR
0 /(4 r —

2) - Moreover, the spectraof AL°°and Ar” are equaland also for r = 0, ... in

the spectraof A~ and A1
0m r• An essentialpoint in theproof of the inequalities

(3*) areWeitznböck formulas, in which the Kdhleriantwistor operators~ of type

r (r = I ,.. . rn) areinvolved. In the limiting easeof inequality (3*), eigenspinors

of D2 which areelementsof ker ~ appear. The elementsof ker ~ are called

~<KähIcriantwistor-spinorsof type r >~. We remark that twistor-spinorsin caseof an

arbitraryRiemannianspin manifoldwereinvestigatedby A. Lichnerowicz(cf. [91,[10])

andT. Friedrich(cf. [3D.

1. THE KAHLERIAN TWISTOR OPERATORS

Let (M’~,g,J,S)beaKdhlerspinmanifoldofcomplexdimensionm = n/2 with

Riemannianmetric g , complexstructure J andspinorsbundle S. The we havetwo
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operatorsD, .13 : F(S) —i F(S) which, with respectto anylocal frameof vector

fields (X1 ... , X,j arelocally definedby

Dt1J=X’~Vx~1,L) D~=J(X’~)VXk1,b,

wherehereandin the followingEinstein’sconventionof summationis usedand Xk :=
gIkx. (ga) := (g~~Y

1,g~k = g(X~,X~). V is the usual covariantderivativeon

S inducedby thecovariantderivativeon M~(Levi-Civita connection),which we also

denoteby V in the following. Then D is the Dirac operatorof the corresponding
Riemannianspin manifold (M’1,g, S) . D and D satisfythe operatorequations(cf.

[51)

(1) D—D2 DD+DD=0

andby A. Lichnerowiezwehavethe well-knownformula

(2) D2=V*V+~

where F is thescalarcurvatureand VuV the BochnerLaplacianon S. For r =

1, ... m and any vectorfield X E r (TM’s) let ~ : F(S) —~ F(S) be the

operatordefinedby

~=V~&+ ~_(XD~b+J(X)D~b).

Thentheoperator~ F(S) —~ F(TM~® 5) locally givenby

b=X’~®.~Y~b (r= l,...,m)

is calledthe Käh.leriantwistoroperatorof type r.
Now we recall that the spinorbundle S of a Kählerspinmanifold M~(n = 2 m)

splits into theorthogonaldirectsum

(3) S=S
0Gi)SiEB.•~EBSm

of holomorphicsubbundles~r with rank IT S~= (‘~). This decompositionis induced

by the Kähler form ~ definedby c~(X,Y)= g(X,J(Y)) if ~ is consideredan
endomorphismof S in the usual sense. If p01... ,Pm : S —* S arethe projection

correspondingto decomposition(3), then in the senseof an endomorphismof 5, we
have

(4) i( m — 2 r) Pr
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With respectto any local frame (X1 ,... , X,~), ~ hasthe representation

(5) = ~J(Xk)X~ = _~XkJ(Xk)

Using the relations(cf. [5])

(6) X12 — = 2J(X) J(X)~2— J(X)12 = —2X

(7) D~—I~D=2D DQ—QD=-2D

a straightforwardcalculationprovesthat, for r = I ,... , in andeachvector field X

theequation

is satisfied.This, togetherwith equation(4), yields

Pa~~x~~XPa (r= l,...,rn; 3=0 3m).

We introducethedenotation = o p~Then thecorrespondingoperator

~ F(S) —+ F(TM’
1®S)

is calledthe Kählcrian twistor operatorof type (r, s) . Wehave

= ~,8 (r = I ,... , in)

Furthermore,we recall that thespinorbundle S of a spin manifold M’~of evendimen-

sion n = 2m is furnishedwith a I-structure , i.e. an antilinearbundlemap ~ : S —+ S

with the propertiesVj = 0, j2 = (_J)m(m+1)/2, Xj = jX and (j~,j~)=
where (,) denotesthe Hcrmitian scalarproducton S (cf. [1]). Oneobtainsthe rela-
tions

(8) JD = Dj jD = Dy

(9) I~=

(10) )Pq = p,~- ~j (s = 0 in)

whichimply

(II) ~ (r= l,...,m; 3=0,...,rn)

For ~ E F(S) let JV~1’I2 and j~r~,j2 bethefunctionson M’2 locally definedby

= g1k(v~~vx~) D~2 = g2k(Db~~)

By astraightforwardcalculationwe obtain
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PROPOSITION1. If ~, ~ F(S) isanyspinorfield, then,for r = 1,.. . , m theequation

= + m-4r (ID~I2+ I~I2)+
(12)

+ ~-~T((D~,L~b~)+ (c~b~,D~))

issatisfied.

Now let us assumethat M” is closed. Forany spinors .p, ~i ~ F(S) let (~,~)
denotetheHermitianscalarproductdefinedby

=f~°~
Moreover,weusethedenotation I~Ij2= (v’, ~) and recallthat,in theclosedcase,the

operatorsD and D are self-adjointwith respectto (•,.) . Theirspectralie symmetri-
cally onthe real axisandeacheigenvalueis of finite multiplicity.

PROPOSITION2. If M’~ is closed, then,for anyspinor field i/ ~ F(S) and r =

l,...,m wehavetbeequation

I~~2 =2r — 1 (D2~— rR ~ + m — 2(r — 1) D2~+2r 4r—2 2r(2r—1)
(13)

+ 1 D~’,~’
2r(2r— 1)

Proof From(1) and (7) wederivethe identities

(14) D~2b= -bUD = DfX2 + 2D2 = ~TZDD+2D2.

Moreover,by equation(2) for each~ E F(S) wehave

(D2~-~b,~b)= (VV~,i~).

Integratingthis equationweobtain

(15) (D2~ ~ = ~lV~)II2.

Usingtheequations(1), (14), (15)and D~= D, D* = D, ~ = —~ , equation(13)
follows from equation(12)by integration. Q.E.D.



454 RD. KIRCI [BERG

2. THE LOWER BOUND FOR THE FIRST EIGENVALUE OF THE DIRAC

OPERATOR

For a real vector X let usconsiderthe correspondingcomplexvectors p(X)

— iJ(X)) and ~(X) := ~-(X + iJ(X)). The behaviourof the Clifford mul-
tiplicationby X, p(X) and ~(X) , respectively,with respectto decomposition(3) is

characterizedby the formulas(cf. [61)

(16) p(X)p
3=p8÷1Xp3 ~2(X)p8=p3_1Xp8 (sEIN)

wherehere and in the following the conventionp8 := 0 for .s ~ {0,... , m} is used.

Moreover,let D~and D be theoperatorsdefinedby D~= ~( D.~~ iD) . Thenby
the equations(1) we have

(17) D~=0 D
2=0.

Since,by definition, D = D÷+ D and D = i(D~ — D) ,this yelds

(18) D2 = D~D + D_D~ DD = —i(D~D_D~D~)

moreover,theequations(16) imply

(19) D~p
8= p8+iDp8 Dp3 = p3_1Dp3 (s E N)

Moreover,from [61,[7] we havethefollowing fact:

If )~~ U is aneigcnvalueof theDirac operatorD on a closedKahlerspinmanifold
n = 2 m) , then the correspondingeigenspaceE

3’( D) splits into theorthogonal

directsum

(20) Ex(D) =

whereeacheigenspinor~ E E~(D) has a decomposition~ = + 1/),. with ~r ~l

F (Sr 1) and 1,br E F (er) suchthat theequations

(21) D1,bri = ~ DV.Jr = ~I~r,1

(22) Ik~’r_tII= IkbrII

aresatisfied.Moreover,thereexiststhe relation

(23) E~r+i(D) =

Hence,decomposition(20)canbe written as

(24) E~(D) = ~T~2~(E,~(D) + jE~(D))

Thisgivesthemotivation forthefollowingdefinition: ancigenvalue.\ ~ 0 oftheDirac

operatoriscalledoftyper(r E {l,...,[(m+ l)/2]}) iff E~(D)~10
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PROPOSITION3. Let M” bea dosedKählerspinmanifoldand X ~ 0 an eigenvalue

of type r oftheDirac operator D, theneacheigenspinor)~E E~( D) satisfiesthe
equation

(25) jj~D~~lI2= 2r- ~ fM~ (~2 - 4r_2) I~I2.

Proof Let ~ = ~ + ~r E E~(D)be aneigenspinor,then,from (19) and (21), we

seethat D_1/~’r_i= 0 and D+t/~r= 0. Hence, D_i~’= D_br = D;br = ~r-i ~ 0
is a sectionof Sr_i andsatisfiestheequationsD_(D_~)= 0, D2DiI.’ =

Usingthis weobtainequation(25) from Proposition2. Q.E.D..

Proposition3 yieldsimmediately

ThEOREM1. Let M’~bea closedKäfiler spinmanifoldofpositivescalarcurvatureR,

then eacheigenvalue )¼ oftype r oftheDirac operator D satisfiestheinequality

(26) ~2�
4r

T~~
2R0~

where R0 is theminimumofR on M”.

Comparingthegiven lowerboundsfor the differenttypesof eigenvaluesfrom The-

oremI weobtain

THEOREM 2. let M~bea closedK”ahler spin manifoldofpositive scalarcurvature

R. If thecomplexdimensionm = n/2 is even(odd), then eacheigenvalue)~of D
satisfiesthe inequality

2 ~ m ~2 lm+l(27) .X � ~ m - l’~0 ~ m

From [5] weknownthat thereis aone-to-onecorrespondencebetweenthespinstruc-

tureson aKählermanifoldandtheequivalenceclasses[L] of isomorphicholomorphic
line bundlesL that havethepropertyL®L = A~’°,where ~ isthecanonicalbun-

dle. Forsucha line bundle L thecorrespondingspinorbundleis
5L = ~ A°,r ® L.

If S
0 is theholomorphicline bundle in decomposition(3), then [S0} is the spin

structureof M!I (cf. 18], page159). For r = 0,... , m we canconsidertheLaplacians
AO,r : F(AOr®L) ~ F(A~r®L),whereA~rdenotesthecorrespondingrestriction

of the Laplacian AL of the Dolbeaultcomplexof L. The square D
2 of the Dirac

operatorcanbe identifiedwith theLaplacian A~ = ~~OALOr (cf. [5] or [61,Prop.9).
Hence,Theorem I provides
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THEOREM3. If M’~isa closedKählerspinmanifoldofscalarcurvature R with R0 : =

min(R)>0,then,foreachLE[S0]andr=1,...,[(m+1)/2](n=2m),each

cigcnvaluep oftheLaplacianA1~~ satisfiestheinequality

P� 4r—2~

ThespectraofA~’°and AL°” areequalandalso for r = 0,... ,m thespectraof AJ~”

3. KAHLERIAN TWISTOR-SPINORS

A spinor field ~ ~ F(S) is calleda Kähleriantwistor-spinorof type r or of type

(r, .s) iff ~ E ker~ or ~ E ker~’
8, respectively.

Suchspinorsappearin anaturalwayif onelooksat thelimiting caseof theinequalities

(26). In this sectionwe provesomegeneralpropertiesof Kählcriantwistor-spinors.We
apply the resultsin the following section,wherewe considerthe limiting case.First of

all, we remarkthat ~ E ker~ iff ~ satisfiestheKähleriantwistorequationof type r

(28) V~ + ~(XD~ + J(X)b~) = 0

for eachvectorfield X. UsingtheoperatorsD~and D this equationcanbe written

(29) V~+ ~(~(X)D~~+p(X)D ~)=0.

Hence,we seethat the twistorequation(28) is equivalentto the two equations

(30) V~~
1~-t-~!-p(X)D i,b= 0

(31) V~x)~+ ~~(X)D~~ = 0.

For r = 1,... , m we haveker V c ker ~ , i.e. parallelspinorsaretwistor-spinorsof

eachtype.Accordingto this wesaythat ~ E ker ~ is trivial iff V~= U , and ker ~

is calledtrivial iff ker ~ = ker V. Werecall that Ric ~ 0 implies kerV = 0 (Ric

denotestheRicci tensor).

PROPOSITION4. Eachtwistor-spinor ~‘ E ker~ satisfiestheequation

(32) D
2~b= rR

4r— 2
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whereR is the scalarcurvature.

Proof Let P E M” be an arbitrary point and (X1,. . . , X,~)a local frame of vector
fields inaneighbourhoodofP havingtheproperty(VXXk)P = 0 for i,k = 1,...,n.

If ~ E ker ~‘ , then wehave,for k = 1,... , n accordingto (29),

V~b+ ~(XkD~b+ f(Xk)D~b)= 0.

Applyingthe operatorV~ to this equationin P E W’ for i, k = I,... , n weobtain

VXVXk~+ ~—(XkVXD~b + J(Xk)Vxf~h) = 0.

Usingthis and (1), (2) it follows

0 = g~VxVX~~+ ~~.(XkV~ Di,b + )(Sk)Vx~D~b)=

= V~V~+~(D2~+ D
2~)= 2r— I D2~+~.

4r 2r 4

Q.E.D.

Bydefinition, wehave ker.~”3= p
8ker .~ C ker ~ and

(33) ker ~ = ~.0ker ‘~.

Moreover, the relation (11)yields

(34) j ker ~ = ker ~r,m—a

PROPOSITION5. Let ~ bea twistor-spinoroftype (r, s) that isnot trivial, then .s =

r—l ors=m—r+1.

Proof Let ~ E ker ~ and let (X1, . .. , X~)be any local frame, thenwith (5), it
follows from (28)that

0 = XkVx~b+ ~(XkXkD~b + xkJ(xk)b~) =

= Di~b+ —
1--(—nD~b— 2ftb~)= —~((m— 2r) Th,b+

4r 2r
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and, almost analogously,

U = J(xk)vx~+~(J(xk)xkD~+ J(xk)J(xk)b~)=

=
2r

Hence,each ~ ~ ker ~ satisfiestheequations

(35) QDi~—(rn—2r)D~’ ~D~’=(rn—2r)b~.

Using the relations(7), theseequationscanbe written as follows

(36) DQ~= —(m— 2(r - I))D~5 DO~b= (m — 2(r - l))D~.

Now we provethat kcr ~ c ker V for s ~‘ r—l, m—r+ 1 . Let ~ E ker~ ,thcn
we have ~P = i(rn — 2 s)~ accordingto (4), andfrom (36) we obtain the equations

i(m—2s)1= —(m—2(r—l))D~
(37) -

i(m—2s)Di~=(m--2(r—l))D~,

which imply

((m — 2s)2 — (m — 2(r — l))2)D~= 0

((m — 23)2 — (m — 2(r — l))2)D~= 0

Since .s r — 1, m — r + I , this yields Di~= 0, D~= 0 andhenceV~= 0 by
the twistorequation(28). Q.E.D..

As acorollaryof PropositionSand(33), (34) we immediately obtain

PROPOSITION6. Let M~be a Kählerspin-manifoldthat is not Ricci-flat, then,for

r=I,...,mn/2,

ker ~ = ker~rr—I + jker ~

.

Usingthe twistorequation(29)oneobtainsthat, for each ~ E ker .~‘ , theequation

(38)
+ ~

is satisfied,where C denotesthecurvaturetensorof the spinorbundle S.
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LEMMA 7.1. Let~i ~ ker ~ , then

(39) p(Ric (X))~i= .~- (p(X)D+D_~’ + 2V~1)D_~— 2rVP(X)D~b)

(40) ~(Ric(X))~= ~

Proof Usingtheequation(38)weobtain,with respectto any localframe (X1,..., X,~),

x”c(x,x~)~p=~— (x~(x)VXkD+~ — X~(Xk)VxD+1,b+
(*)

+ ~

From(5) and thecomplexClifford relation

p(X)~(Y)+~(Y)p(X)=—2g(p(X),~(Y))=
(41)

—g(X,Y)—i~(X,Y)

wederive the identities

(42) X~(Xk) = —m—i~ Xkp(X~)= —m+ i~

Moreover,we havethewell-knownformula(cf. [2])

(43) XkC(X,Xk) = —~-Ric(X)

Insertingthis into equation(*) we obtain

Ric (X)~=~— (~(X)D_D+~+ p(X)D~D_~h+
(44) r

+ 2V~X)D+~+ 2VI,~X)D_~— 2rV~D~’)

Since, for a Kählermanifold, J(Ric (X)) = Ric (J( X)) , equation(44) isequivalent
to both the equations(39) and (40). Q.E.D..

LEMMA 7.2. Form ~ 2(r — 1), eachtwistorspinor~ E ker ~,r-1 hastheproperty

(45) D_i,1’ = 0

and isantiholomoiphic.

Proof If m ~ 2( r—I) , thepropertyD_~ = 0 follows immediatelyfromtheequations
(37). By equation(30) this implies that ~1iis antiholomorphic. Q.E.D..
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PROPOSITION7.Form~2(r— 1) each ~Eker~’~’ satisficsthcequation

(46) V~X)D~= —~-p(Rie(X)) ~

(47) (r—1)V~x)D1,b=0

(48) ~(Ric(X)_4R2X)~=0.

Proof The equations(39) and (45) imply equation(46). Moreover,the equations(18)

and(32) yield

(49) D ~

Insertingthis into equation(40) it follows

~ (~ic~~— 4r— 2 x) ~ = —2 ~V~X)D÷~.

By (lè) abe(19) the left-handsideof this equationis an elementof F(S~2) and the
right-handside is anelementof F (5,.) . This impliesthe equations(47)and (48).

Q.E.D..

COROLLARY 7.1. JIm ~ 2(r — 1) and r ~ 1 ,then,for each~ ~ ker ~ ,the
spinorfield Di,b = D~~ isholomorphicand satisfiestheequation

(50) VxD1P = —~-p(Ric(X)) ~‘.

COROLLARY 7.2. Jim ~

2(r — 1) and ~ ~ ker ~r,r-i ,thcn

(51) C(X,Y)~= —~(~X)~Ric(Y)) — ~(Y)p(Ric (X)))~.
4r

COROLLARY 7.3. Jim ~I2(r — 1) and ~ E ker ~ , then

R(52) pi,b=i
—2

where p is theRicci-form.
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Proof If (X1,... ,X~) is anylocal frame,then onehas the identities

(53) XkRic (Xk) = —R

(54) J(Xk)Ric(Xk)=

2p.

Now let M ~ 2(r — 1) and ~ ~ ker ~i-,r--1 Using (42), (53)and (54)equation(48)
yields

0 = X~(Rie(Xk))~— 4r— 2 Xp(Xk)~ =

R
4r —2

Q.E.D..

PROPOSITION 8. Each ~ ~ ker ~1,V_1 satisfiestheequations

(55) V~j2= ~ ID~’I2
2r

(56) A I~I2= R I~2 - 1
4r—2 r

Proof For m ~ 2(r — 1) and 1, E ker ~ we have D_~= 0 and,hence

Di,b = iDi,b = iD÷i,b. Itfollowsthat b~I2= IDi~I2and ~D~1’= —(m—2r)D~.

Insertingthis into equation(12) we obtain (55).
Now let m = 2(r — 1) . Thenthe equations(35) yield ~r~I = 2D~. Since

(D÷~b,D~t,b)= 0 ,we deducefrom D
1h = D~i,b+ D~band b~l,= — iD_i,h

theequation b1p~
2= ID~I2. Using this we obtain(55) from (12) in this case,too. To

prove(56) weremark that (2) and(32) imply

(57) VV~= R
8r —4

Moreover,wehavethegeneralformula

= (V*V~,~,)+(~o,VV~)—2(V~,V~).

Togetherwith (55) and (57) this provides(56). Q.E.D..

PROPOSITION9. If M” isclosed,thena spinorfield ~1’e F (S,._~)is a twistor-spinor
oftype (r, r — 1) if ~ satisfiesthetwoequations

D2~= rR ~ (m—2(r—l))D_~=0.
4r —2
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Proof: For ~ ~ F(S,.,~) we havewith (4), (18) the identities (in —
2(r — I))D2~ +

DDQ~b= (in — 2(r — l))(D2 + iDD)t~= 2(m — 2(r — 1))D÷D~.Thus froni
(13), (32)and (45) we seethat ~ E F (5,. ~) is atwistor-spinorof type (r, r — I) iff

~ satisfiestheequation

D2~+m2(rl)D+D~= rR
r(2(r—l) 4r—2

Q.E.D..

4. THE LIMITING CASE OF THE INEQUALITIES

From Proposition3 we deduceimmediately

THEOREM 4. let M’~be a closedKiihlcr .spin-nianifoldofpositivesea/ar curvature R

for which )~= ~ /2(2 r — 1)( R
0 = mm (R)) is an cigcn valueoftype r of the

Dirac operator D, then M’~ is a space of constant sea/ar curvature R = R0 , and for

each~ E E,.~’°(D)thespinorD~bisatwistor-spinoroftypc(r,r— I).

Underthe suppositionsof Theorem4, by Propositions7, theCorollaries7.1, 7.2, 7.3
and Proposition8 we obtainthe following:

If ~ ~ E~’°(D)and ~ + ~,. is the decompositionaccordingto(2l), then,

for r ~ I

(58) ~ =

(59) V~b,.= —~-~--p(Ric(X))i,b,.~

(60) ~(Rie( X))i,t.y = ~

2~~lXX)1,bri

(61) P~t = ~ = 14r—2

(62) C(X,Y)~
1 = —~(~(X)p(Ric(Y))—

(63) A ~ 2 = ~ ~ 2 — I~,.I2)

In the specialcase of r = 1 the correspondingnontrivially satisfiedequationsare

(64) V~0

(65) V~1y~1=

(66) A ~2 = ~ (I~oI2- I~iI2)
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FromTheorem4 weknownthat, in the limiting caseof the inequalities,the scalarcur-

vatureR isa positiveconstant.In thefollowing weshowthat the basicequations(58),
(59), (60) imply additional conditionson theRicci tensor.First of all we observethat

the identities(53) and (54) imply the relations

(67) xk(VxRic)(xk) = 0

(68) J(Xk)(VxRic)(Xk)= 2Vxp.

Moreover,the Ricci form p has theproperties

(69) dp0 d~p=0,

wherethesecondof theseequationscomesfrom theBianci identitysince R is constant.

Usingthis onederives

(70) Xk (VP) = 0 J(Xk) (v~~)= 0.

Togetherwith (70) the generalrelation

(71) Xp—pX=2Ric(J(X))

yields

(72) xk(VxkRic)(J(x)) = ~

PROPOSITION10. For r> 1 theequation

(73) p~J),.=

and for r > 2 theequations

(74) ~(Ric(X))~,.=

(75) P~(X)~br=

(76) ~((VxRic)(Y))i,&,._1 = 0

(77) (V~p)~5,.1= 0

(78) p~(X)~1= 3i~-~-~(X)i~1
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aresatisfiedin thelimiting case.

Proof By(60)wehave~(Ric(Y))~1 = ~(Y)~,. . Applying V~ tothiscqua

tion it follows by (58)

~((V~c)(Y))i/),.1 +~(Ric(V~Y))~,.

— ~iC(Y~ ~(X)’~,. = ~(V~Y)~,. -

andhence
(*) ~(vxRic)(Y)) ~,. = —~~(X)~(Ric(Y) --

r

Using(42)and(72) we haveby (*)

-- (v~~)~,. = X~ (vxkRic~Y) v~ =

~0xkp(x~p(
N- Ric(Y)—~Y)~,.=

2r r /
~ ~ —

r

Thus we obtain

r—l (
(2*) (v~Y)P)~ = ~ Ric(Y)

r r

By (42), (53), (54) and(70) this yields(73). Applying V~to (61) it follows by (58)

(3*) (v~p)~r I = (v~Y)P) ~ = ~( ~) ~
I -~ r

Using (71) and(73) this assumesthe form

(4*) (VyP)~~i = (V~y)P)~ - (~ic~~ ~ ~

I = r

Comparing(2*) and (4*) we obtain (74), (77) and, hence,(75), (76) by (3*) and (*).

Multiplying (61)by ~(X) andusing (71), (60) one proves (78). Q.F.D.

Let V~he the metric covariantderivativedefined by

= V~÷ ~(Ric(X + it -l)~J(Ric(X))L
2)~

4 ~o

with L = >~1Q ~‘ p , then we have
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COROLLARY 10.1. For r > 2 each~ e E~’°( D) isparallel with respectto V’.

Hence,it satisfiestheequation

(79) Vxl/) = _~-~—- (Ric(X) + i(—1)’J(Ric(X)) L2) ~

for eachvectorfield X and the function I ~ 12 isconstant.

Proof By (74) the equation(58), (59) canbe written in thesymmetricform

(80) V~~b,.
1= —~-~_~(Ric(X))~ = —~-~--p(Ric(X))~Pr-t

Theseequationsare equivalentto V’ ~ + = 0. Q.E.D..

Accordingto Corollary 10.1 weassumein thefollowing that

(81) I~I2= i~,._~I2+ I~,.I

2 = I

By (63)weobtainimmediately

COROLLARY 10.2. If r > 2 ,then,foreach~1,= + E E~’°(D)with I~,I2= 1,

thefunction f = I ~ 2 — = — I ~ 12 satisfiestheeigenvaiueequation

2)~2 R f.
r 2r—1

PRoPosmoN11. Let r > 2 and ~ = + eE’°(D) , then,forall vectorfields

X, Y, theequations

(82) ~((V~Ric)(Y)) ~,._~_g(~ic2— ~Ric)(X),~(Y)) ~

(83) (Vip) ~,. = ..~_ (Ric2 — _.QRic) (X)t,b,..
1

aresatisfied.Moreover,theRicci tensorhastheproperty

(84) Rid
2 = 4r—2

in thelimiting casewith r > 2.
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Proof Applying V~to equation(74)andusing(59), (41), (53)oneobtains(82) by an
analogouscalculationas in theproof of Proposition10. By (67), (68)and(60) equation

(82)yields(83). Finally, with (70), (83)and(53) wehave

0 = i~Xk (Vx~p)~ =

= (XkRic2(Xk) — ~XkRic(Xk)) ~I =

= (_tr(Ric2) + ~R) ~t = (_IRicI2 + 4 2) ~

This implies (84)since supp~ is densein M’s. Q.E.D.

THEOREM5. In the limiting casewith n = 4 r — 2 themanifoldM’~is Einstein.

Proof If n=
4r—2 and r >2 ,then,by(84),

- R 2 / . R\2 - 2 R2
Ric—— =trlRic——I=IRIel_——=0.

n n/ n

lnthetrivialcaseofn=2(r= 1) wehave M2 ~2 and forn=6(r=2) our

assertionfollows from [8]. Q.E.D.

Up to now theproblemof classificationof all closedKählerspin manifids of constant

posivite scalarcurvture R for which )~= ~/rRj4 r — 2 is thefirst eivenvalueof type

r of the Dirac operatorhasbeensolvedonly for thetrivial case (m,r) = (1,1) and

for the case (m, r) = (3,2) (cf. [4], [8]). Moreover,accordingto (61) thesespaces

canbe Einsteinonly for r = I or for m = n/2 = 2r — I . Hence,for evencomplex

dimensionm we haveanothergeometricsituation.Exceptfor the dimensionm = 2

for whichonly r = 1 is possible,in all otherevencomplexdimensionsthe spacesfor
which \/mR/4( m — 1) is the first civenvalueof theDiracoperatorcannotbeEinstein.

5. EXAMPLES OF THE LIMITING CASE

Forthcevencomplexdimensionm = 2 wehavcthecxampleC
42 = ~2 xS

2 since
herewe have R = 8 andthecorrespondingfirst cigenvalueof D2 is equalto 4 (cf.

[11)). The following resultyields furtherexamplesin caseof evencomplexdimension.

THEOREM 6. Let M’~ be a closedKäh/er-Einsteinspin manifoldof oddcomplexdi-ET
1 w
371 76 m
419 76 l
S
BT


mensionm = n/2 andpositivesea/arcurvature R for which )~ = ~/(m + 1)R/4 m

is the first eigenvalueof theDirac operator D, then )~ is also the first eivcnvaluc of
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theDirac operator D on thecloscdKählerspin manifold jçf521’2 = MY& x T
2, where

T2 denotesthe 2 -dimensionalflat torus.

Proof Let ir~: M’~2—~M’~and r~ : IA’n+2 —* be thenaturalprojections,then
we havethedecomposition

(*) = ir~(TM’~)~ ir~(TT~)-

In the following we use the notations B
1 = ~tTlO*M~~), E2 =

T”° = Tl,O*Mt~
2 and A’° = A~~TlO*). According to (*) we have j~t,ot=

E
1 ~ E2 . Usingthe generalformula A k(E1 ~ E~)= ~~+Ik(A’E! ®A’E2) wefind

(2*) A’’°rA’Ei~(A’~Ei)®E2(rzr0,...,m+l).

If S~is theholomorphicline bundleenteringthedecomposition(3)of thespinorbundle

S of M’
3 ,thenS~®S~= A~° . Morcover,thespinstruetureonT2 isrepresentedby

a(trivial) holomorphieline bundle 0 with O®O= T”°’T2 . Using this for r= m+ 1
we obtain, from (2*), the isomorphism Am~,0= (AmE

1) ® E2 = L ® 1, with L =

ir~50® ir 0. Hence,theholomorphicline bundle I, representsthe naturalinducedspin

structureon ~f,,F2 . Thecorrespondingspinorbundleis ~‘ = ~ with

= A°”® Ii. Since 5,. = A°”®S0 ,(2*) yields 8,. = IrTS,. ® 7r~0~1rTS,._1 ® ir~9

and hence .~‘ = ~r~’S® ir~0 ~ ir~ S® ir~ 0. TheClifford multiplication on ~‘ is given by

X(i,b ® () = (q(X)~)® ( + V~
2l — q)(X))L~® ~(3*)

X(~® () = (q(X)i,1) ® ( — V~I(I~2(2((I — q)(X))L2 lb® (~

where XE TM’~2
5II,E ir~S ( E 7r~9 (2 := (®(, L = ~‘~o~~Ps and q

—~ TM’~”
2 is the projection correspondingto decomposition(*) such that

imq = (1TM’~).For ‘p E F(S) let ~ E F(S) be definedby ~ = ® ir~’y,
where ‘yE F(9) is a fixed sectionwith ‘yl = I and V’y = 0. Now let lb = +

lb~E E~O( D) beaneigenspinor,then m = 2r — I and lb~ , lb,. satisfytheequations

(4*) V~lb,..
1= m~+~i~’~ ~ = m~+~1p(Y)lb,.1

for eachvectorfield Y on M’~(cf. [6]). Since V’y = 0 , from (3*), (4*) weobtain

VX~’,.~I= — m±I ~(qX)~,. ~X~r = m~i p(qX)~,._1

for eachvectorfield X on M’~
2. Theseequationsimply Di~,.

1= ~ be’,. =

~ and hence ~ = + i~,.E E~0(b).Sincethescalar curvature of f~*2
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has the positiveconstantvalue R, too, it follows by Theorem2 that ~o is the first

eigenvalueof D. Q.E.D..

As a corollaryof Theorem6 for the complexdimensionm = 2 we obtainthe addi-

tionalexampleS
2 x T2 and for m = 4 the examplesP3( U) x T2, F( U3) x T2

sincethecomplexprojectivespaceP3( U) and the flagmanifold F( a: 3) areexamples

of m = 3 (cf. [4]).
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